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ABSTRACT: We have computed the fraction of DNA phosphate charge neutralized by condensed
counterions for parallel pairs of linear DNA segments, DNA circles, and representative closed-circular
supercoiled DNA configurations ranging in length from 42 to 3000 base pairs. We find significant but
small uptake of condensed counterions for the more compact structures relative to an isolated linear
DNA segment.

1. Introduction
Gel electrophoresis measurements of the extent of

DNA phosphate charge neutralization by the cations of
mixed salt solutions (e.g., the Mg2+ and Na+ ions in
MgCl2/NaCl solution) have been reported.1-4 An inter-
esting observation is that the neutralization fractions
of a circularized supercoiled DNA and its linear coun-
terpart are not significantly different.1 Since both
curvature within a segment and juxtaposition of distant
segments are enhanced by supercoiling, the phosphate
charge density must be greater in at least some regions
of supercoiled DNA than in linear DNA. One might then
have expected an uptake of additional neutralizing
counterions when linear DNA is circularized and su-
percoiled. In fact, counterion condensation theory pre-
dicts that when two line charges approach in parallel,
the fractional neutralization by univalent counterions
increases from the value 1 - ê-1 at far distances to
1 - (2ê)-1 at close distances.5 Here, ê is a dimensionless
measure of the charge density of a single line charge
(the ratio of the Bjerrum length to the charge spacing
on the line), so the meaning is that two close line
charges are neutralized to the same extent as a single
line charge of twice the charge density. Since ê ) 4.2
for linear B-form DNA, the numerical prediction is that
DNA phosphate charge neutralization by bound Na+

ions increases from 0.76 for an isolated DNA segment
to 0.88 for two sufficiently close parallel segments. This
difference would be easily detected by the highly precise
gel electrophoresis experiment.

The neutralization fractions obtained from the gel
measurements for both linear and supercoiled DNA
were found1-3 to be in quantitative agreement with the
predictions of analytical two-variable counterion con-
densation theory, designed for linear DNA (or any linear
polyion) in mixed salts.6 The agreement of theory and
experiment suggests that both valence types of coun-
terion present in the mixture bind in reality as in the
theorysin a delocalized manner.6 To understand why
the theory for linear DNA also works when applied to
data for supercoiled DNA, we have calculated and report
here the extent of phosphate neutralization by con-

densed counterions for a wide variety of DNA shapes,
as predicted by a numerical version of counterion
condensation theory that retains the picture of delocal-
ized binding but is not restricted to rodlike configura-
tions.7

Many experimental and theoretical studies have
shown that the spatial configuration of supercoiled
B-DNA is affected by changes in the ionic strength of
the solution.8-17 An increased ionic strength causes a
shift from a relatively open to a relatively compact
shape. We will try to address the question of whether a
significant uptake of condensed counterions accompa-
nies an open to compact conformational transition.
Recall that an ionic strength increase in the range of
typical values does not lead to an increase in the number
of counterions condensed on linear polyions.18,19

Among our results are calculated neutralization frac-
tions for pairs of approaching line segments and for
circular arcs. In the latter case, we extend results
previously reported.20 In both cases we find qualitative
similarity to Fixman’s Poisson-Boltzmann treatment.21

It should be noted, however, that in the context of
Poisson-Boltzmann theory some criteria for classifying
counterions as neutralizing and not neutralizing may
be more satisfactory than others.19

2. DNA Representation and Numerical Method

We consider lines, circles, and various closed-circular
supercoiled configurations of B-DNA with one charged
phosphate group on every nucleotide residue. In the case
of linear DNA, the double helical array of phosphate
groups is represented by a linear sequence of charges
in place of the phosphate groups. Each phosphate group
is reduced to a point charge centered at the axial
projection of the phosphorus atom and sequential
charges are placed 1.7 Å apart along the chain contour,
i.e., two phosphate groups per 3.4 Å base-pair step. This
spacing differs from the nonuniform spacing of phos-
phates along the axis of the canonical B-DNA fiber
diffraction model22 (1.2 Å between charges of comple-
mentary residues and 2.2 Å between charges of sequen-
tial residues) and the displacement of phosphorus atoms
seen in B-DNA crystals.23 The supercoiled shapes
treated in Figures 1 and 2 are based on the exact
solutions of the equations of equilibrium of an ideal (359
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bp) elastic DNA rod subject to self-contact.24 Negative
point charges are evenly spaced along the axes of the

curves obtained in the absence of electrostatic interac-
tions. The structures in Figure 3 are numerical solutions
of the elastic equations of a 1000 bp DNA rod governed
by a modified Debye-Hückel repulsive force between
partially neutralized point charges (corresponding to
two phosphate groups with a net charge of 0.48e-

projected every 3.4 Å along the chain contour).25 The
supercoiled DNA configurations in Figure 4 are snap-
shots revealed in Brownian dynamics simulations of a
sequence of DNA beads (Huang, J.; Schlick, T., unpub-
lished results), which are modeled as interacting charged
cylinders.26 The DNA axes are described by a series of
piecewise cubic B-spline curves which are guided by
controlling points,27,28 and an approximation algorithm
is used to generate the coordinates of uniformly (1.7 Å)
spaced point charges along these pathways.29

To compute the counterion binding fraction θz of an
arbitrary configuration of DNA with Np phosphate
groups in the presence of a single species of counterion
of valence z, we minimize the ionic (polyelectrolyte) free

Figure 1. Different elastic equilibrium supercoiled configura-
tions of 359 bp DNA miniplasmids. These structures were
obtained from exact solutions of the Kirchoff equations of
equilibrium for elastic rods of circular cross section, which
account for effects of impenetrability and self-contact forces
(see ref 24). The bending constant is fixed at 2.058 × 10-19

erg cm (which corresponds to a persistence length of 500 Å at
298 K), C/A ) 1.5 (where C is the torsional rigidity constant),
and the effective diameter of DNA is set to 20 Å. The
equilibrium supercoiled configurations shown in panels a-e
have the following characteristics: (a) ∆Lk ) 2.51, n ) 3, Wr
) 2.06, Rg ) 163.8 Å, 〈P-P〉 ) 195.8 Å; (b) ∆Lk ) 1.79, n ) 3,
Wr ) 1.95, Rg ) 108.7 Å, 〈P-P〉 ) 138.9 Å; (c) ∆Lk ) 3.97, n
) 3, Wr ) 2.80, Rg ) 112.2 Å, 〈P-P〉 ) 144.3 A; (d) ∆Lk )
4.00, n ) 5, Wr ) 3.13, Rg ) 116.4 Å, 〈P-P〉 ) 144.3 Å; (e)
∆Lk ) 5.02, n ) 7, Wr ) 3.86, Rg ) 117.0 Å, 〈P-P〉 ) 144.5 Å.
∆Lk is the linking number relative to relaxed DNA, n is the
number of self-contacts at 20 Å, Wr is the writhing number,
Rg is the radius of gyration, and 〈P-P〉 is the average inter-
phosphorus distance. The images were generated by the
graphics program Tecplot.

Figure 2. Sodium binding fraction θ of different equilibrium
supercoiled configurations of a 359 bp DNA miniplasmid
(shown in Figure 1) as a function of NaCl concentration.

Figure 3. Sodium binding fraction θ of equilibrium configura-
tions of a 1000 bp DNA plasmid in a 0.1 NaCl aqueous solution
at different ∆Lk. These equilibrium configurations of closed-
circular DNA were obtained from numerical solutions of elastic
theory equations which acount for long-range self-contact
forces (see ref 25). The bending and twisting constants are
fixed at 1.3 × 10-19 erg cm (persistence length 310 Å) and 1.0
× 10-19 erg cm, respectively. The structures shown in panels
a-d have the following characteristics: (a) ∆Lk ) 0, Wr ) 0,
Rg ) 537.9 Å, 〈P-P〉 ) 627.0 Å; (b) ∆Lk ) -2, d ) 55.6 Å, Wr
) -0.95, Rg ) 442.5 Å, 〈P-P〉 ) 477.3 Å; (c) ∆Lk ) -4, d )
50.0 Å, Wr ) -2.09, Rg ) 453.1 Å, 〈P-P〉 ) 474.1 Å; ∆Lk )
-6, d ) 41.7 Å, Wr ) -3.63, Rg ) 459.2 Å, 〈P-P〉 ) 468.8 Å.
d is the distance of closest approach, and the other symbols
are defined in the caption to Figure 1.
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energy gionic with respect to θz by setting ∂gionic/∂θz ) 0.
The root of this equation is given by,

where kT is the product of Boltzmann constant and
Kelvin room temperature, ε is the dielectric constant of
water (78.3), q is the protonic charge, cs is the molar
salt concentration, κ is the Debye-Hückel screening
parameter (proportional to the square root of cs), rij is
the interphosphate distance, and V(z) is the condensa-
tion volume (V1 ) 646 cm3/mol of phosphate, V2 ) 1121
cm3/mol of phosphate, and V3 ) 1563 cm3/mol of
phosphate for univalent, divalent, and trivalent coun-
terions, respectively). The details of the derivation of
eq 1 and the assumptions underlying it (e.g., delocalized
mode of counterion binding, salt concentration in excess
over phosphate concentration, condensation volume
equal to its limiting value) are described elsewhere.7 In
practice, for a given configuration of DNA at fixed ionic
conditions, the root θz of eq 1 is determined numerically
using the Newton-Raphson method.30

We have also made some calculations in mixed salt
systems such as NaCl/MgCl2, using a straightforward
numerical approach to the two-variable counterion
condensation theory for counterions of mixed valence
types.6 The conclusions do not differ from what we find
for counterions of a single type, and we do not show
them here.

It should be noted that our calculations do not take
into account any inhomogeneities of the counterion
binding fraction along the length of the DNA. It is
possible that regions of higher phosphate charge density
condense more counterions than the locally linear parts;
we report an average counterion binding fraction for the
entire polymer. On the other hand, the gel mobility
measurements1-3 that have motivated our calculations
also probe an average net charge. It may be, however,
that this limitation of both our theory and the experi-
ment is important (see Discussion).

3. Results
Straight Lines and Circular Arcs. We begin by

reporting our results for two parallel linear DNAs, each

with 2500 phosphates. For univalent counterions, ana-
lytical theory predicts that charge neutralization by
counterion condensation varies from 1 - ê-1, or 0.76,
for large separation distances to 1 - (2ê)-1, or 0.88, for
small distances.5 The numerical results listed in Table
1 confirm this prediction, but they also indicate that the
small-distance limit is approached only at unrealisti-
cally short distances (but see the Discussion). For DNA,
the contact distance for two segmentssrepresented in
our model by their double helical axessis 20 Å, and at
this distance, the neutralization fraction differs ap-
preciably from an isolated single segment only at low
ionic strength. It is also worth noting from Table 1 that
substantial increases in charge neutralization occur only
after the approaching DNAs have penetrated the Debye
length of the solution (96 Å at 10-3 M NaCl and 9.6 Å
at 10-1 M).

Since the close approach of distant segments in
supercoiled DNA can occur at different contact angles,
we have modeled this situation as well as a parallel
approach. Our results show that the influence on charge
neutralization of close approach of two segments drops
off sharply as the angle of approach increases from zero
(parallel segments). For instance, when two 2500 phos-
phate segments approach in parallel in 10-3 M aqueous
NaCl, the charge neutralization fraction increases from
0.761 at 1000 Å separation to 0.830 at 20 Å (Table 1).
But when the approach of the same segments at the
same ionic strength occurs at a 20° angle, the corre-
sponding increase of charge neutralization is only from
0.763 to 0.772.

In Table 2 we list neutralization fractions for a 42
base pair linear DNA (84 phosphate groups, length 143
Å) bent into circular arcs of varying radius of curvature
R. The tightest arc, R ) 30 Å, corresponds to about three
quarters of a complete circle. Reading down any column,
we see an increase in neutralization for a fixed shape
as the salt concentration increases (Debye length 1/κ
decreases). The increased neutralization fraction ap-
proaches the theoretical limit for long rodlike polyions,
1 - ê-1 ) 0.76, when the Debye length is shorter than
the length of the DNA (high ionic strength). The smaller
neutralization fractions observed for longer Debye lengths
(low ionic strength) is then due to end effects. Of more

Figure 4. Sodium binding fractions θ of superhelical struc-
tures of a 3000 bp DNA plasmid with ∆Lk ) -17.13 at two
different ionic strengths, 0.01 and 0.2 M NaCl, obtained by
Brownian dynamics simulations (Huang, J.; Schlick, T. un-
published results). The bending and twisting constants are
fixed at 2.0 × 10-19 erg cm and ) 3.0 × 10-19 erg cm,
respectively. The structures in panels a and b have the
following characteristics, with all quantities defined in the
caption to Figure 1: (a) Wr ) -6.34, Rg ) 400.24 Å, 〈P-P〉 )
1075.7 Å; (b) Wr ) -12.42, Rg ) 591.04 Å, 〈 P-P〉 ) 1075.72
Å.

-
2zq2(1 - zθz)

NpkT
∑
i<j

Np e-κrij

εrij

+ 1 + ln(103θz

csVz
) ) 0 (1)

Table 1. Fractional Charge Neutralization by Univalent
Condensed Counterions of Two Parallel DNA Segments,

Each with 2500 Phosphates

NaCl concentration NaCl concentration

d, Åa 0.001 M 0.1 M d, Åa 0.001 M 0.1 M

1000 0.761 0.773 10 0.847 0.811
100 0.781 0.773 5 0.862 0.843
50 0.802 0.773 2 0.877 0.879
20 0.830 0.784

a d ) distance between segments.

Table 2. Fractional Charge Neutralization of a Circular
Arc DNA Segment (84 phosphate groups) with Varying

Radius of Curvature R in Åa

1/κ R ) ∞ R ) 1000 R ) 400 R ) 100 R ) 45 R ) 30

961.2 0.626 0.626 0.626 0.628 0.633 0.643
304.0 0.681 0.681 0.681 0.682 0.687 0.696
96.1 0.723 0.723 0.723 0.725 0.728 0.736
30.4 0.749 0.749 0.749 0.750 0.751 0.756
9.6 0.766 0.766 0.766 0.767 0.767 0.768
a 1/κ ) Debye screening length in Å. From top to bottom, the

screening lengths correspond to NaCl molarities from 10-5 to 10-1

M in order of magnitude increments.
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interest to us here is the variation on reading along a
row. For any fixed Debye length (ionic strength), the
neutralization fraction increases as the circular arc
becomes tighter. In all cases, however, the increase is
small.

Supercoils. A closed-circular supercoiled DNA may
condense more counterions than its open linear isomer
due to two of its structural features, curvature and close
proximity of segments. In view of Table 2, however, we
expect only a slight influence of the curvature; and in
view of Table 1, we expect a maximum charge neutral-
ization fraction of about 0.83 at low ionic strengths and
at higher ionic strengths a value at most only slightly
higher than the value 0.76 characteristic of linear DNA.
The results of our detailed calculations confirm the
expectation. We look first at Figure 2, which presents
the neutralization fractions in NaCl solution for the
series of short supercoiled DNAs24 illustrated in Figure
1. The spread of counterion binding fractions at low ionic
strengths is from about 0.80 to about 0.83, the higher
values corresponding to the more compact structures
(more points of self-contact). At 0.1 M NaCl all fractions
converge to about 0.78.

In Figure 3 we show a series of linear interwound
forms that represent minimum-energy configurations
at 0.1 M NaCl of the same 1000 bp DNA molecule but
with progressively increasing linking numbers.25 The
neutralization fractions shown in the figure are clearly
correlated with the increasing number of superhelical
turns, but the amount of increase is very small. For
these structures, more extended and representative of
naturally occurring DNA supercoils than those in Figure
1, the values of the neutralization fractions are closer
to the lower limit 0.76 for an open linear DNA.

Figure 4 illustrates an ionic strength transition. The
configuration on the left is a structure from the dynami-
cal equilibrium ensemble at a low ionic strength, 0.01
M NaCl.26 The equilibrium shifts to more writhed
structures at 0.2 M NaCl, typified by the form on the
right.25 The more compact high ionic strength structure
is slightly but significantly more neutralized than the
relatively open low ionic strength configuration.

4. Discussion

We have found a tendency for relatively compact DNA
structures to condense more counterions than relatively
open structures. We have also found that the increases
of the counterion binding fractions are small.

The neutralization fraction by condensed sodium
counterions of linear, circular, three-lobed interwound
(with ∆Lk ) 5.02 and distance of closest approach ) 20
Å, see Figure 1), and two parallel linear DNA segments
separated by 20 Å, all at 10-3 M NaCl and with a total
of 718 phosphate groups, is 0.76, 0.76, 0.83, and 0.83,
respectively. Thus, the increase of sodium binding of the
three-lobed interwound superhelix relative to the linear
and circular forms of DNA is significant and is the same
as that of two parallel segments separated by the
contact distance of 20 Å. On the other hand, at NaCl
concentrations approaching physiological (about 0.1-
0.2 M) and in MgCl2 or NaCl/MgCl2 solutions of any
ionic strength (not shown), the phosphate charge neu-
tralization is almost the same for all these different
DNA configurations.

For a series of linear interwound superhelical struc-
tures (Figure 3) with an increasing number of super-
helical turns (each is an equilibrium structure at 0.1 M

NaCl for a specified linking number), we calculate
sodium binding fractions that increase with increased
winding. The increase, however, is in the third decimal
place, and to two places, all neutralization fractions are
equal to 0.78. Even in panel d of Figure 3, which shows
an interwound shape with an extended region of self-
contact, the binding fraction does not exceed (to two
decimal places) the value for the open circle in panel a.
It should be noted, however, that “self-contact” here does
not correspond to the steric limit 20 Å. The greater
distances of closest approach (40-55 Å) reflect repulsive
electrostatic forces that prevent DNA segments from
touching each other in an equilibrium structure. It may
also be useful to point out that when the systematic
increase in the third decimal place of the neutralization
fractions is translated into a number of condensed
counterions (see below), we do find that the most tightly
wound structure, panel d, binds 12 more counterions
than the open circle in panel a.

Increased screening of repulsions among phosphate
groups causes an equilibrium superhelical configuration
to become more compact at higher ionic strengths. The
shift of the same closed-circular DNA molecule from the
low-salt (0.01 M NaCl) equilibrium form in panel a of
Figure 4 to the high-salt (0.2 M) equilibrium shape in
panel b is accompanied by a modestly increased phos-
phate charge neutralization fraction from 0.765 to 0.781.
Although the percentage increase is slight, it does mean
that there is an uptake of about 96 sodium ions by the
6000 phosphate charges on the DNA. If these additional
sodium ions were localized to the regions of relatively
close approach (there are about 10 of them) in the high-
salt shape of panel b of Figure 4, then sodium ion uptake
could provide a significant driving force for compaction.
Our calculations unfortunately cannot make such a
prediction, because we can compute only a uniform
average increase of neutralization fraction along the
entire chain. Confident detection of condensed counte-
rion inhomogeneities along the polymer may require all-
atom modeling. On the other hand, an increased average
value is obviously caused in our computation by regions
of closer approach of the polymer charges.

To our knowledge, only Ma and Bloomfield1 have
attempted to measure the extent of phosphate neutral-
ization by condensed counterions for DNA supercoils.
They were able to detect no significant differences for
open linear and closed-circular supercoiled DNA. Their
study was not a systematic exploration of the possibili-
ties, however. Only a small number of ionic conditions
were utilized, and the supercoiled configurations were
not systematically varied. On the other hand, their
method (gel electrophoresis) produces high-precision
data, and the interpretation of their primary data has
theoretical support. Since we have found a small but
clear correlation of ion binding with increased DNA
supercoiling, there might be some interest in a more
extensive experimental program dedicated to this aspect
of DNA electrostatics.
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